In this paper the size−dependence of energy relaxation, which is induced by the electron−phonon (e−ph) 
Introduction
Noble metal nanoparticles, especially the gold nanopartic− les, which have large third−order nonlinear optical suscepti− bility c (3) and ultrafast response speed in the field of third− −order nonlinear optics, are of great importance in the fabri− cation of the ultrafast all−optical switching, optical modula− ting, phase conjugation, optical waveguide and optical po− wer limiting devices [1] [2] [3] . So the kinetics process of elec− tron in metal particles, which determines the nonlinear opti− cal properties of nanoparticle−matrix composite system, has been widely studied.
Simultaneously the energy relaxation process in a shell− −core structure has been investigated extensively. For exam− ple, Averitt et al. have studied the ultrafast electron relax− ation in gold nanoshell consist of a nanoscale Au 2 S dielec− tric core surrounded by an ultrathin Au shell [4] , Knap− penberger et al. have studied the electronic energy relax− ation in hollow gold nanospheres (HGNs) using femto− second time−resolved transient absorption spectroscopy [5] . The studies above indicated that the size−dependence of electronic energy relaxation time in shell−core nanoparticles is different from that in solid ones. However, there is not a formula that can exactly present the size−dependence of the energy transfer from hot electrons to metal lattice in hollow metal nanoparticles.
In this paper the size−dependence of the effective elec− tron−phonon coupling constant G eff of solid and hollow metal nanoparticles are analysed respectively, and the corre− sponding formulae of the G eff are deduced and interpreted.
The size-dependence of hot electronic energy relaxation in solid metal nanoparticles
Under the ultrashort laser pulse excitation, the electrons occupying the energy states below the Fermi level absorb the laser's photons and are excited to energy states higher than the Fermi level via interband or intraband transition. The relaxation process starts with the thermalization of the electrons via electron−electron (e−e) scattering. Then energy is transferred from electrons to lattice phonons and the tem− perature of electrons and metal lattice reach a new balance. The size−dependence of the e−e coupling and hot electron energy relaxation processes in metal nanoparticles have been studied extensively, and enhanced electron−surface (e−s) scattering has already been discussed in depth [6] [7] [8] [9] . The parameter G eff is used to explain the velocity of energy transference, which includes the electron−phonon (e−ph) interactions and the e−s interactions, from hot elec− trons to metal lattice. Hodak et al. simply think the e−ph coupling constant G e−ph of nanoparticles is equal to that of bulk metal, then they formulate the size−dependence of the G eff of 2.5~8.3 nm Au nanoparticles as follows [10] 
Based on a quantum−kinetic treatment developed by Be− lotskii et al. [11] , the equations of the e−s coupling constant G es−A and G es−C , which respectively corresponding to the acoustic surface modes and the capillary surface modes, are deduced. The equation of G es−C is given by 
Where k B is Boltzmann constant, u F is the Fermi velo− city, R is the radius of the nanoparticle, n is the free electron density, m e is the electron mass, V 0 is the depth of rectangu− lar potential well, y 0 is the work function, s is the surface tension, w l is the maximum frequency of the capillary modes whose equation is given by
Where r is the density of the metal, l is the angular momentum number corresponding to the shortest possible surface wave, which is given by the integer part of pR/d, and d is the lattice parameter. The equation of G es−A is given by 
Where w D is the Debye frequency, c l is the longitudinal speed of sound in the material. G es−A and G es−C increase as the size of metal nanoparticle decreases, and G es−A is smaller by one order than G es−C .
The work function y 0 is a constant for bulk material, while for nanoparticles y 0 is influenced by the distribution of atoms in surface layer, surface orientation and surface ad− sorption. We can calculate that the value of ( ) As to e−ph coupling, in the particle whose radius is larger than the mean free path of electrons, because the loss of resonance overlap is negligibly small, the G e−ph of nano− particles can be considered to be equal to that of bulk metal. Using the same model, Zhang et al. have calculated and accounted completely for the size−dependence of the G eff of thin gold films with different thickness [12] .
However, as the size of nanoparticle decreases, espe− cially under 10 nm, theoretically the loss of resonance over− lap between the electron−oscillation frequency and the pho− non spectral density gets larger, so the e−ph coupling weak− ens and G e−ph of nanoparticles is smaller than that of bulk metal [6] . So the equation of the G eff should be
And we can make the conclusion that as the size of metal nanoparticle decreases, at first (lager than the mean free path of electrons) the variation of G e−ph and G e−s can be neglected, so the G eff is equal to that of bulk metal. As the size continues to decrease (especially the radius is smaller than 5 nm [9] ), the sum of the decrement in G e−ph and the increment in G e−s , varying in different samples and their sur− rounding dielectric, decides the variation trend of the G eff because of the competing effect of e−s and e−ph coupling mechanism [6, [8] [9] [10] [12] [13] .
And the conclusion is applicable to the results of existing research. For example, Jin Z. Zhang et al. have studied the electron dynamics in Au colloidal nanoparticles and mea− sured that the relaxation time is 1 ps for bulk Au films, 7 ps for 15 nm particles and 1 ps for 2 nm particles [6] . As to the analysis above, the decrement in G e−ph is much larger than the increment in G e−s of the 15−nm nanoparticles, and the decre− ment in G e−ph is equal to the increment in G e−s of the 2 nm nanoparticles. The analysis also applies to the studies by S. Link and M.A. EI−Sayed et al. [8] and F. Vallee et al. [9] .
The size-dependence of hot electronic energy relaxation in hollow metal nanospheres
Nowadays researchers are able to prepare a shell−core struc− ture with any kinds of ingredients and shapes by using chemical reduction and the molecular self−assembly tech− niques. Because of the surface−to−volume effect resulting from spatial confinement of electrons in the shell of hollow metal nanoparticles, the hot electronic energy relaxation is faster than that in solid nanoparticles with same size, and the size−dependence of energy transference from hot electrons to metal lattice is also different in two kinds of nanospheres. For example, Knappenberger et al. have prepared hol− low gold nanostructures, whose representative TEM images are shown in Fig. 1 and the scale bar applies to both images, and obtained curves of the electronic energy relaxation in HGNs using femtosecond time−resolved transient absorp− tion spectroscopy [5] .
The sample's shape includes hollow squares, circles, tri− angles and spheres, and we just pick out the near−spherical hollow sample and list their raw data of experimental G eff values in Table 1 The experimental G eff values from Ref. 5 is calculated from the room−temperature zero−point e−ph coupling time t 0 by using
Where g is the coefficient of electronic heat capacity. For gold, g = 66 J m -3 K -2 , T 0 = 298 K. The HGNs with the different outer radius R o and the inner radius R i exhibit dif− ferent relaxation time. The outer diameter−to−shell thickness aspect ratio is defined as a a = -
And we can see the HGNs with high a exhibit larger G eff values than the solid gold nanospheres (SGNs) with same outer diameter (larger than 20 nm), whose average G eff value is (1.9 ±0.2) × 10 16 W m -3 K -1 . While the HGNs with low a exhibit G eff values comparable to SGNs [5] . This cou− pling enhancement for high a HGNs is attributed to the large surface−to−volume ratio of these structures.
Obviously, the G eff value increases with the decreasing of shell thickness and the increasing of outer diameter, but it does not increase monotonically with the decreasing of shell thickness (R o -R i ). Equations (1)- (4) 
The potential energy of an electron is [11] W r V r R ( )
Using Eq. (9) for R(q,j), we can find from Eq. (10)
. (12) The second term in Eq. (12) 
So the term in the expression of W(r) which describes the energy of the e−ph interaction associated with the surface vibrations in hollow nanospheres is 
All the symbols have been defined above. Here the set− ting R i equals 0, then a equals 2 and we can get the G es−C of solid nanospheres as Eq. (2).
Thirdly, G es−A is smaller by more than two orders com− pared with G es−C , so G es−A can be neglected and the formula of G eff is given by The value of a correlation coefficient ranges between -1 and 1, and the greater the absolute value of a correlation coefficient, the stronger the linear relationship. We can see, as shown in the figure 2, R 2 = 0.931 and R = 0.965. Because the structure of near−spherical hollow samples, from which the related parameters are used, is not ideal hollow sphere, as shown in Fig. 1 Table 1 , are satisfactory. So the calcu− lated G eff values of HGNs by using the modified formulae can achieve a certain degree of reliability.
Conclusions
In summary, based upon the competing effect of the e−ph coupling and the e−s interaction, the size−dependence of hot electronic energy relaxation and the effective e−ph coupling constant G eff of noble metal nanoparticles has been ana− lysed, and the formulae of the G eff of HGNs have been deduced. Moreover, the calculated values from the formulae fit in with the experimental values in related articles, as well.
We can make the conclusion that the model can account completely for the size−dependence of the G eff of HGNs with different thickness and outer diameter, and a further understanding of the relaxation mechanisms responsible for the hot electronic energy relaxation in hollow metal nano− spheres is gained. The model is important for designing devices with fast response speed which are tuneable through changing the outer diameter or shell thickness of the hollow metal nanospheres. However, to confirm the results of this model, a more complete analysis of relaxation mechanisms and more experimental data are suggested for further studies. 
